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Watkins (J. Combinatorial Theory 6 (1969), 152-164) introduced the concept 
of generalized Petersen graphs and conjectured that all but the original Petersen 
graph have a Tait coloring. Castagna and Prins (Pacific J. Math. 40 (1972), 53-58) 
showed that the conjecture was true and conjectured that generalized Petersen 
graphs G(n, k) are Hamiltonian unless isomorphic to G(n, 2) where n E S(mod 6). 
The purpose of this paper is to prove the conjecture of Castagna and Prins in the 
case of coprime numbers n and k. 
1. INTRODUCTION 
Let n and k be coprime positive integers with k < n, i.e., (n, k) = 1. 
The generalized Petersen graph G(n, k) consists of 2n vertices (0, 1, 2,..., n - 1; 
O’, l’,..., n - I’} and 3n edges of the form (i, i + l), (i’, i + l’), (i, ik’) for 
0 < i < n - 1, where all numbers are read modulo n. The set of edges 
((i, i + 1)) and the set of edges ((i’, i f l’)} are called the outer rim and the 
inner rim, respectively, and edges {(i, ik’)) are called spokes. 
Note that the above definition of generalized Petersen graphs differs from 
that of Watkins /4] and Castagna and Prins [2] in the numbering of the 
vertices. However, the graph of our definition is isomorphic to that of [4] 
and [2] in the case of (n, k) = 1. We use this definition for simplicity in 
proving our theorem. It was shown by Robertson [3] that the graphs G(n, 2) 
are not Hamiltonian if n = 5 (mod 6) and that they are Hamiltonian if n + 5 
(mod 6). We call these non-Hamiltonian G(n, 2) the Robertson graphs. 
Then, our theorem is: 
THEOREM. Generalized Petersen graphs G(n, k) with (n, k) = 1 are 
Hamiltonian unless they are isomorphic to Robertson graphs. 
Since (n, k) = 1, there is a unique positive integer k-l < y1 such that 
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kk-1 = 1 (mod n). We restrict ourselves to generalized Petersen graphs 
G(n, 1~) with the properties: 
4 < k < n/2 and k < k-l < n - k. (1.1) 
Restriction (1.1) is based on the known results for k = 1, 2, and 3 and on 
the isomorphism G(n, k) s G(n, n - k) g G(n, k-l) g G(n, n - k-l). (G(n, 1) 
is trivially Hamiltonian for all ~2. G(n, 3) is Hamiltonian, except for the 
Petersen graph (n = 5), due to Bondy [I]. For the isomorphism, see [4].) 
2. PRELIMINARIES 
We start with definitions of an alternating cycle, a configuration, and an 
interchanging graph. 
An alternating cycle is a subgraph of G(n, k) which is an elementary cycle 
having the edge sequences S, , R, , S, , R, ,..., S,, , R,, , where (SJ are the 
spokes and {Ri} are the edges of the two rims. 
A conjiguration is a subgraph of G(n, k) which is an alternating cycle or a 
union of disjoint alternating cycles. For convenience we admit the null graph 
(a graph having no vertices) as a configuration. 
The interchanging graph Z(A) of a given configuration or a 2-factor A is the 
subgraph of G(n, k) induced from all the edges of the two rims not belonging 
to A and all the spokes belonging to A. 
Figures 1 and 2 show a configuration made of an alternating cycle and its 
interchanging graph, respectively. 
We have the following results. 
LEMMA 1. The interchanging graph of a conjguration is a 2-factor of 
G(n, k), and vice versa. 
Proof. Omitted. 
LEMMA 2. There is a one-to-one correspondence between the configurations 
and the 2-factors of G(n, k). 
FIG. 1. An alternating cycle of Type A in G(8, 3). 
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FIG. 2. The corresponding interchanging graph. 
Proof. It is easily seen that the interchanging graph of the interchanging 
graph of a configuration is the original configuration. From Lemma 1, 
Lemma 2 follows. Q.E.D. 
3. PROOF OF THE THEOREM 
For the proof of the theorem, it is sufficient, by virtue of Lemma 1, to 
find a configuration with a Hamiltonian interchanging graph in each G(n, k). 
Since the shapes of the configurations depend on the pairs of n and k, we 
partition the pairs into eight cases. These cases are mutually exclusive 
and any G(n, k) satisfying (1 .l) is contained in one of them. In each case 
we search for configurations consisting of simpler alternating cycles. By 
definition, an alternating cycle has 4m vertices where m is a positive integer. 
Clearly, G(n, k) having an alternating cycle of length four is isomorphic 
to G(n, 1). Hence the simplest alternating cycles to consider is of length eight. 
Figures 1) 3, and 4 show three alternating cycles denoted by types A, B, and C, 
respectively. These alternating cycles are important in the sense that they 
appear in most of G(n, k)‘s. For simplicity, we write them as (J! Y) where X 
denotes the type and Y is the vertex of the cycle on the outer rim with smallest 
label, e.g. in Fig. 5, 0, 0’, l’, k-l, k-l + 1, k + I’, k’, 1, 0 is referred to as 
(A; 0). (The fact that the vertices k-1 + 1 and k + 1’ are incident is seen from 
the relation k(ak-l + b) = a + bk(mod n) for integers a and b). Other 
alternating cycles of length eight and twelve are also used, but not illustrated 
here. 
Case 1. 0 <k/n < l/3 and 0 < k-l/n < l/3. If the pair of n and k 
further satisfies 
3k+l<n 
3k-l f 1 < n, 
(14 
(lb) 
then we find the configuration of Fig. 5, which is made by the three alternating 
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FIG. 3. An alternating cycle of Type B. 
FIG. 4. An alternating cycle of Type C. 
k -'t Zk-'+ 3k-'+ 
0123 0123 0 1 01 
0' 1' 2' 3' 0' 1' 2, 3' 0'1' 0'1' n (0) 
k+ 2k t 3k+ 
FIG. 5. A configuration with a Hamiltonian interchanging graph. 
cycles (A; 0), (A; 2), and (A; 2k-I). Thus, it is Hamiltonian. For the pair of IE 
and k not satisfying (la) or (I b), we have: 
Case la. If 3k + 1 = n, then G(n, k) e G(n, 3). 
Case lb. If 3k-l + 1 = n, then G(n, k) s G(n, 3). 
Thus all G(n, k) in Case 1 are Hamiltonian. 
Case 2. 0 < k/n < l/3 and l/3 < k-l/n < l/2. If the pair of tz and k 
further satisfies 
4tk (24 
3k+l<n G’b) 
n < 3k-1 - 2 @cl 
2k-1 +- 2 < n (24 
4k-l + 2 < 2n, (2e) 
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then we find a configuration made by the three alternating cycles (A; 0), 
(A; 2) and (A; 3k-1 + 1). For the pair of y1 and k not satisfying at least one 
of (2a)-(2e), we have, respectively, 
Case 2a. If k = 4, then from the definition of k-l we have 4k-1 = II + 1 
or 3n + 1. Since the relation 4k-1 = n + 1 contradicts the relation 
k-‘/n > l/3, and 4k-l = 3n + 1 contradicts k-l/n < l/2, there are no 
graphs in Case 2 for which k = 4. 
Case 2b. If 3k + 1 = n, then G(n, k) s G(n, 3). 
Case 2c. If 3k-l = n + 1, then G(n, k) e G(n, 3). If 3k-1 = n + 2, then 
2k = 3 (mod n), which implies 2k = 3 under the condition of 2k < n. 
Case 2d. If 2k-1 = n - 1, then G(n, k) z G(n, 2). If 2k-l = n - 2, then 
we find a configuration made by the single alternating cycle: 0, 0’, l’, k-l, 
k-l + 1, k + l’, k + 2’, 2k-1 + 1, 0. 
Case 2e. 4k-l # 2n - 1. If 4k-1 = 2n - 2, then this case implies 
k = n - 2, i.e., k-l < k. 
Case 3. 0 < k/n < l/3 and l/2 < k-l/n < 213. If the pair of y1 and k 
further satisfies 
3k+l<n (34 
n + 2 < 2k-1 (3’4 
3k-1 f 2 < 2n, (3c) 
then we find a configuration made by the three alternating cycles (A; 0), 
(A; 2), and (A; 2k-1 + 1). For the pair of n and k not satisfying at least 
one of (3a)-(3c), we have, respectively, 
Case 3a. If 3k + 1 = n, then G(n, k) z G(n, 3). 
Case 3b. If 2k-l = n + 1, then G(n, k) E G(n, 2). If 2k-’ = n + 2, then 
it is similar to Case 2d. 
Case 3c. If 3k-l = 2n - 1, then G(n, k) g G(n, 3). If 3k-1 = 2n - 2, 
then 2k = n - 3 contradicts k/n < l/3 for k > 3. 
Case 4. 0 < k/n < l/5 and 213 < k-l/n < 1. If the pair of n and k 
further satisfies 
2n + 3 < 3k-l, (44 
then we find a configuration made by the four alternating cycles (A; 0), 
(A; 2), (C; 4), and (C; --k-l + 2). For the pair of 12 and k not satisfying (4a), 
we have 
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Case 4a. If 3k-1 = 212 + 1, then G(n, k) g G(n, 3). If 3k-l = 2n + 2, 
then 2k = n + 3 contradicts k/n < l/5 for all k. If 3k-1 = 2n + 3, i.e., 
3(k-1 - 1) = 2n, then we find a configuration made by the single alternating 
cycle: 0, 0’, l’, k-l, k-l - 1, 1 - k’, 2 - k’, 2k-l - 1, 2k-l - 2, 2 - 2k’, 
3 - 2k’, 3k-1 - 2, 0. 
Case 5. l/3 < k/n < l/2 and l/3 < k-l/n < l/2. If the pair of n and k 
further satisfies 
n+l<3k 
2k+3<n 
2 + 2k-1 < n 
n + 2 < 3k-l, 
(54 
0) 
(5c) 
WV 
then we find a configuration made by the three alternating cycles (A; 0), 
(B; 2), and (A; -2k-l + 1). For the pair of n and k not satisfying at least 
one of (5a)-(5d), we have, respectively, 
Case 5a. If n + 1 = 3k, then G(n, k) cz G(n, 3). 
Case 5b. If 2k + 1 = n, then G(n, k) g G(n, 2). If 2k + 2 = n, then it 
is similar to Case 2d. If 2k + 3 = n, then 3k-1 = -2(mod n), which yields 
3k-l = n - 2 or 3k-1 = 2n - 2. The former contradicts k-l/n > l/3, or 
the latter contradicts k-l/n < l/2 as n > 4. 
Case 5c. If 2k-1 + 1 = n, then G(n, k) g G(n, 2). If 2k-1 + 2 = n, then 
it is similar to Case 2d. 
Case 5d. This case is similar to Case 2c. 
Case 6. l/3 < k/n < l/2 and l/2 < k-l/n 
further satisfies 
2k+l<n 
n+3<3k 
n + 3 < 2k-1 
3k-1 + 1 < 2n, 
< 2/3. If the pair of n and k 
(64 
(6b) 
(64 
(64 
then we find a configuration made by the three alternating cycles (A; 0), 
(A; 2k-1 - 2), and (A; 2k-l). For the pair of n and k not satisfying at least 
one of (6a)-(6d), we have, respectively, 
Case 6a. If 2k + 1 = n, then G(n, k) s G(n, 2). 
Case 6b. If 3k = n + 1, then G(n, k) E G(n, 3). If 3k = n + 2, then 
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k-l = (n + 3)/2, which uniquely implies n = 6m + I, k = 2m + 1 and 
k-l = 3m + 2, where m is a positive integer. For m > 2, we find a configura- 
tion made by the three alternating cycles (A; 0), (B; 2) and (A; 6) for the 
graphs with k > 5. For m = 1 and 2, the graphs are G(7, 3) and G(13, 5), 
which are Hamiltonian though the proof is not given here. 
If 3k = IZ + 3, then 3(n - k + 1) = 2n. It is similar to a subcase of Case 
4a. 
Case 6c. If 2k-l = y1 + 1, then G(n, k) z G(n, 2). If 2k-1 = n + 2, then 
it is similar to Case 2d. If 2k-1 = n + 3, then k = (n + 2)/3, which is 
contained in Case 6b. 
Case 6d. If 3k-1 + 1 = 2n, then G(n, k) z G(n, 3). 
Case 7. 114 < k/n < l/3 and 213 < k-l/n < 314. If the pair of n and k 
further satisfies 
6<k (79 
n+1<4k Ub) 
3k<n-2 (7c) 
n + 3 < 2k-l, (7d) 
then we find a configuration made by the three alternating cycles (A; 0) 
(C; 2), and (A; 5). For the pair of y1 and k not satisfying at least one of 
(7a)-(7d), we have, respectively, 
Case 7a. It can be shown that if k < 6, then k-l/n cannot lie between 
213 and 314. 
Case 7b. If n + 1 = 4k, then k-l = 4 < k. 
Case 7c. If 3k = n - 1, then G(n, k) s G(n, 3). If 3k = n - 2, then 
k-l = (n - 3)/2. This case contradicts k-l/n > 213. 
Case 7d. k-l > 2n/3 implies (7d) for n > 9. n < 9 implies k < 4. 
Case 8. l/5 < k/n < l/4 and 213 < k-l/n < 415. If the pair of n and k 
further satisfies 
7<k 
n+l<5k 
4k<n-2 
II + 3 < 2k-I, 
then we find a configuration made by the three alternating cycles (A; 0), 
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(C; 2) and (A; 6). For the pair of n and k not satisfying at least one of 
@a)-(8d), we have, respectively, 
Case 8a. If k < 7, then 115 < k/n implies IZ < 35. It can be shown that 
only G(32,7) and G(17,4) are contained in this case. They are also Hamil- 
tonian, though the proof is not given here. 
Case 8b. If n + 1 = 5k, then k-l = 5 < k. 
Case 8c. If 4k = rz - 1, then G(n, k) G G(n, 4). It is already covered by 
Case 8a. 
Case 8d. Similar to Case 7d. 
We need not consider the boundaries of the eight cases, since (n, k) f 1 
holds on each boundary. Q.E.D. 
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